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Abstract
In this work, we employ algebraic renormalization technique to show the renormalizabil-
ity to all orders in perturbation theory of the Lorentz- and CPT-violating QED. Essentially,
we control the breaking terms by using a suitable set of external sources. Thus, with the
symmetries restored, a perturbative treatment can be consistently employed. After showing
the renormalizability, the external sources attain certain physical values, which allow the
recovering of the starting physical action. The main result is that the original QED action
presents the three usual independent renormalization parameters. The Lorentz-violating
sector can be renormalized by nineteen independent parameters. Moreover, vacuum diver-
gences appear with extra independent renormalization. Remarkably, the bosonic odd sector
(Chern-Simons-like term) does not renormalize and is not radiatively generated. One-loop
computations are also presented and compared with the existing literature.
1 Introduction
In the last few decades many efforts have been employed in order to understand models that
present Lorentz- and CPT-symmetry breaking, see for instance [1, 2, 3, 4, 5, 6]. In particular,
the main contributions are interested in how these models are situated under aspects of the usual
quantum field theory. Due to the well known success of quantum field theory – specially, gauge
field theory – in describing at least three of four fundamental interactions, any extension of the
standard model respecting attributes as stability, renormalizability, unitarity and causality could
be interesting. In fact, the Lorentz and gauge symmetry have a fundamental importance on the
features mentioned before. For instance, the functional that describes the dynamics of the fields
belonging to the standard model are built in a Lorentz covariant way and the classification of
particles is performed by studying the Lorentz group representations [7, 8]. Moreover, besides
restricting the coupling between fields, the gauge symmetry play an important role on unitarity
and renormalizability of gauge theories [9, 10, 11].
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The Abelian Lorentz- and CPT-violating minimal Standard Model Extension (mSME), i.e.,
Lorentz- and CPT-violating QED, is characterized by the presence of constant background
tensorial (and pseudo-tensorial) fields coupled to the fundamental fields of the theory, and is
power-counting renormalizable [2]. These background fields are, in principle, natural conse-
quences of more fundamental theories such as string theories [12], non-commutative field theories
[13, 14, 15, 16, 17], supersymmetric field theories [18, 19, 20] and loop quantum gravity [21]. For
instance, there exists the possibility of spontaneous Lorentz symmetry breaking in string theory.
This breaking manifests itself when tensorial fields acquire non-trivial vacuum expectation val-
ues. This feature implies on a preferred spacetime direction. Although many searches have been
performed in order to detect signs of these background tensors [22, 23, 24, 25], nothing have
been found so far. Nevertheless, these efforts have been useful to determine phenomenological
and experimental upper bounds for the v.e.v. of these tensors [26].
In what concerns the theoretical consistency of these models, it has been verified that they
can preserve causality and unitary [1, 2, 27, 28, 29, 30]. In this work, we confine ourselves to
the formal analysis of renormalizability of the Lorentz- and CPT-violating QED. In fact, there
are some works about the renormalizability of such models. For instance: in [31], the one-loop
renormalization is discussed; the proof of renormalizability to all orders in perturbation theory,
from algebraic renormalization technique point of view [32], was performed in [33]. The latter
makes use of the gauge symmetry and requires PT-invariance to prove that anomalies are not
present. Essentially, they prove the renormalizability of the model with C and/or PT-invariance.
Moreover, they find nine independent renormalization parameters; furthermore, they also show
in [34] that no CPT-odd bosonic Lorentz violation is generated from the CPT-odd fermionic
Lorentz violation sector; there also exist studies about the renormalization properties of the
QED extension on curved manifolds [35]. In this work the renormalization study was realized by
assuming that Lorentz- and CPT-violating parameters are classical fields rather than constants.
This last approach shares some resemblance with the present work.
It is worth mention that there also exists a class of Lorentz-violating quantum field theories
which can also preserve unitarity and renormalizability, see for instance [36]. These theories
are characterized by the presence of higher order space derivatives while the time derivatives
remain at the same order of the usual fermionic or bosonic models. The renormalizability is
assured by modifying the usual power counting criterion by introducing the concept of “weighted
power-counting” [37]. Actually, they introduce a regulator to account for this discrepancy. This
criterion can put on a renormalizable form vertexes that, in principle, are non renormalizable
[38]. For instance, a higher-energy Lorentz-violating QED shows itself to be super-renormalizable
and its low-energy limit is recovered by choosing specific values for scale parameters [39]. In
this work, however, we deal with Carroll-Field-Jackiw theories [40], which constitute a whole
different class of theories. For instance, space and time are treated on an equal footing, and the
Lorentz violation manifests itself under particle Lorentz transformations. On the other hand,
these theories are manifestly invariant under observer Lorentz transformations.
In this work, we employ the BRST quantization and algebraic renormalization theory to
explore the renormalizability of Lorentz- and CPT-violating QED. In particular, we generalize
the study made in [33] for all possible Lorentz breaking terms. Furthermore, in this work
we add one more breaking term not considered in [31], which is a massive term coupled to a
pseudo-scalar operator. The main idea can be summarized in the following way: The action
which describes the bosonic Lorentz violation of CPT-odd is gauge invariant only because the
Lorentz-violating coefficients are constant (and also neglecting surface terms). Thus, the gauge
symmetry is ensured at the action level, but not at Lagrangian level.
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The algebraic renormalization approach, which will be used here, relies on the quantum
action principle (QAP) [32, 41, 42, 43, 44, 45]. Thus, in order to analyze the renormalizability
of the Lorentz-violating QED we will employ here the Symanzik method [46] – vastly employed
in non-Abelian gauge theories in order to control a soft BRST symmetry breaking, see [47, 48,
49, 50, 51, 52] – to treat the BRST quantization of the Lorentz-violating electrodynamics. We
will follow here the procedure employed in the proof of the renormalizability to all orders in
perturbation theory of pure Yang-Mills (YM) theory with Lorentz violation [53].
The main results obtained from our approach are: First, the model is renormalizable to
all orders in perturbation theory; second, the usual QED sector has only three independent
renormalization parameters (in accordance with the usual QED); third, the Chern-Simons-like
violating term does not renormalize. Moreover, we attain extra important results: The Lorentz-
violating sector has nineteen renormalization parameters; extra independent renormalization
parameters are needed to account for extra vacuum divergences that do not appear from other
approaches. However, these terms do not affect the dynamical content of the model; as pointed
out in [34], the Abelian Chern-Simons-like term is not induced from the CPT-odd Lorentz-
violating term of the fermionic sector, see also [3, 54, 55]; although one-loop computations have
already been done in [31], we also perform these computations here in order to compare them
with the algebraic results.
This work is organized as follows: In Sect. 2 we provide the definitions, conventions and
some properties of the Lorentz-violating electrodynamics. In Sect. 3, the BRST quantization
of the model with the extra set of auxiliary sources is provided: where we discuss the subtle
quantization of the Lorentz-violating coefficients coupled with this respective composite opera-
tors within of this formalism. In Sect. 4, we study the renormalizability properties of the model,
with a detailed study of the quantum stability of the model. Then, in Sect. 5, we present the
one-loop explicit computations and its relation with our renormalization independent scheme is
discussed. Our final considerations are displayed in Sect. 6.
2 Lorentz-violating electrodynamics
The QED extension, just like the standard QED, is a gauge theory for the U(1) group, where
the electromagnetic field is coupled to the Dirac field through minimal coupling. However, this
theory presents Lorentz violation in both, bosonic and fermionic, sectors. The breaking sectors
are characterized by the presence of background fields. The model is described by following
action [2, 4]
SQEDex = SQED + SLV , (2.1)
where
SQED =
∫
d4x
{
−1
4
FµνFµν + ψ(iγ
µDµ −m)ψ
}
, (2.2)
is the classical action of the usual QED. The covariant derivative is defined asDµ = ∂µ+ieAµ, the
field strength is written as Fµν = ∂µAν − ∂νAµ and Aµ is the gauge potential. The parameter
m stands for the electron mass and e for its electric charge. The γµ matrices are in Dirac
3
representation (see [56] for the full set of conventions1). The other term in (2.1) is the Lorentz-
violating sector,
SLV =
∫
d4x
{
µναβv
µAν∂αAβ − 1
4
καβµνF
αβFµν + ψiΓµDµψ − ψMψ
}
, (2.4)
where,
Γµ ≡ cνµγν + dνµγ5γν + eµ + ifµγ5 + 1
2
gαβµσαβ ,
M ≡ im5γ5 + aµγµ + bµγ5γµ + 1
2
hµνσµν . (2.5)
The violation of Lorentz symmetry in the fermionic sector is characterized by the following
constant tensorial fields: cνµ, dνµ, eµ, fµ, gαβµ, m5, a
µ, bµ and hµν . These tensors select
privileged directions in spacetime, dooming it to anisotropy. Tensorial fields with even numbers
of indexes preserve CPT while an odd number of indexes do not preserve CPT2. The tensorial
fields cνµ, dνµ, eµ, fµ and gαβµ are dimensionless and m5, a
µ, bµ and hµν has mass dimension
1. The tensor field hµν is anti-symmetric and gαβµ is anti-symmetric only on its first two
indexes. At the photonic sector, the Lorentz violation is characterized by the field vµ, with mass
dimension 1, and καβµν , which is dimensionless. The tensor καβµν obeys the same properties of
the Riemann tensor, and is double traceless
καβµν = κµναβ = −κβαµν ,
καβµν + καµνβ + κανβµ = 0 ,
κµνµν = 0 . (2.6)
As the reader can easily infer, the action (2.1) is a Lorentz scalar, being invariant under observers
Lorentz transformations while, in contrast, presents violation with respect to particle Lorentz
transformations 3 [31].
3 BRST quantization and restoration of Lorentz symmetry
In the process of quantization of the QED extension theory, as in the usual QED, gauge fixing
is required. In the present work we employ the BRST quantization method and adopt, for
simplicity, the Landau gauge condition ∂µA
µ = 0. Thus, besides the photon and electron fields,
1For self-consistency, we just define
γ5 = γ5 = iγ
0γ1γ2γ3 = − i
4!
µναβγ
µγνγαγβ ,
σµν =
i
2
[γµ, γν ] . (2.3)
2For the explicit CPT features of the fields see Table 4 in terms of the sources at the App. B (See next section
for the source-background correspondence).
3This can be understood in the following way: let Φµ and Qµ be a generic field and a background vector field,
respectively. Under observer Lorentz transformation, i.e., exchange of references systems, these fields behave as
Φ′µ = ΛµνΦ
ν and Q′µ = ΛµνQ
ν . On the other hand, under particle Lorentz transformation the reference systems
do not transform, but the fields transform as Φ′µ = ΛµνΦ
ν and Q′µ = Qµ. The generalization to (pseudo-)tensorial
backgrounds are immediate.
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we introduce the Lautrup-Nakanishi field b and the Faddeev-Popov ghost and anti-ghost fields4,
namely, c and c, respectively. The BRST transformations are
sAµ = −∂µc ,
sc = 0 ,
sψ = iecψ ,
sψ = ieψc ,
sc = b ,
sb = 0 , (3.1)
where s is the nilpotent BRST operator. Thus, the Landau gauge fixed action is
S0 = SQED + SLV + Sgf , (3.2)
where
Sgf = s
∫
d4xc∂µA
µ =
∫
d4x
(
b∂µA
µ + c∂2c
)
, (3.3)
is the gauge fixing action enforcing the Landau gauge condition. The quantum numbers of the
fields and background tensors are displayed in tables 1 and 2, respectively.
fields A b c c ψ ψ
UV dimension 1 2 0 2 3/2 3/2
Ghost number 0 0 1 −1 0 0
Spinor number 0 0 0 0 1 −1
Statistics 0 0 1 −1 1 −1
Table 1: Quantum numbers of the fields.
tensors v κ c d e f g m5 a b h
UV dimension 1 0 0 0 0 0 0 1 1 1 1
Ghost number 0 0 0 0 0 0 0 0 0 0 0
Spinor number 0 0 0 0 0 0 0 0 0 0 0
Statistics 0 0 0 0 0 0 0 0 0 0 0
Table 2: Quantum numbers of the background tensors.
Following the BRST quantization of the Lorentz-violating sector with the Symanzik pre-
scription [53], we will have two distincts situations. The first situation concerns the CPT-even
bosonic violating term and all fermionic breaking terms, all of them are BRST invariant. Then,
they will couple to BRST invariant sources. Henceforth, we define the following set of invariant
sources
sκ¯αβµν = sC
νµ = sDνµ = sEµ = sFµ = sGαβµ = sM5 = sA¯
µ = sBµ = sHµν = 0 . (3.4)
4Even though the ghost and anti-ghost fields are not required in the Abelian theory at Landau gauge, we opt
by introduce them for following reasons: i) It is a direct way to keep the off-shell BRST symmetry of the action
S0. ii) Due to the discrete Faddeev-Popov symmetry, the trivial and non-trivial sectors of the BRST cohomology
becomes explicit (see table 1). iii) With the introduction of the b field, it is easy to see that photon propagator
keeps its transversality to all orders in perturbation theory. iv) As expected, the tree-level decoupling of the
ghosts is kept at all orders in perturbation theory, see Sect. 4.1. This feature will bring important consequences
for the renormalization properties of the CPT-odd bosonic violating sector of the action (2.1).
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On the second situation, the CPT-odd bosonic violating term, a BRST doublet is required
because this term is not BRST invariant,
sλµνα = Jµνα ,
sJµνα = 0 . (3.5)
The quantum numbers of the sources are displayed in table 3. Eventually, in order to re-obtain
the starting action (3.2), these sources will attain the following physical values
Jµνα |phys = vββµνα ,
λµνα |phys = 0 ,
κ¯αβµν |phys = καβµν ,
Cνµ |phys = cνµ ,
Dνµ |phys = dνµ ,
Eµ |phys = eµ ,
Fµ |phys = fµ ,
Gαβµ |phys = gαβµ ,
M5 |phys = m5 ,
A¯µ |phys = aµ ,
Bµ |phys = bµ ,
Hµν |phys = hµν . (3.6)
sources Y Y λ J κ¯ C D E F G M5 A¯ B H
UV dimension 5/2 5/2 1 1 0 0 0 0 0 0 1 1 1 1
Ghost number −1 −1 −1 0 0 0 0 0 0 0 0 0 0 0
Spinor number 1 −1 0 0 0 0 0 0 0 0 0 0 0 0
Statistics 0 −2 −1 0 0 0 0 0 0 0 0 0 0 0
Table 3: Quantum numbers of the sources.
Thus, we replace the action (3.2) by
S = SQED + SB + SF + Sgf , (3.7)
where
SB = s
∫
d4xλµναA
µ∂νAα − 1
4
∫
d4x κ¯αβµνF
αβFµν ,
=
∫
d4x (JµναA
µ∂νAα + λµνα∂
µc∂νAα)− 1
4
∫
d4x κ¯αβµνF
αβFµν , (3.8)
is the embedding5 of the Lorentz-violating bosonic sector while the embedding of the Lorentz-
violating term for the fermionic sector is given by
SF =
∫
d4x
{
i
(
CνµψγνDµψ +D
νµψγ5γνDµψ + E
µψDµψ + iF
µψγ5Dµψ+
+
1
2
GαβµψσαβDµψ
)
−
(
iM5ψγ5ψ + A¯
µψγµψ +B
µψγ5γµψ +
1
2
Hµνψσµνψ
)}
.
(3.9)
5The embedding concept used here is discussed in detail in Ref. [53].
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It is easy to check that s (SQED + SB + SF + Sgf ) = 0. The quantum number of the sources
follow the quantum numbers of the background fields, as displayed in6 Table 3.
The action S, at the physical value of the sources (3.6), reduces to
Σphys =
∫
d4x
{
−1
4
FµνFµν + ψ(iγ
µDµ −m)ψ
}
+
∫
d4x
(
b∂µA
µ + c∂2c
)
+
+
∫
d4x
(
βµναv
βAµ∂νAα − 1
4
καβµνF
αβFµν
)
+
+
∫
d4x
{
i
(
cνµψγνDµψ + d
νµψγ5γνDµψ + e
µψDµψ + if
µψγ5Dµψ+
+
1
2
gαβµψσαβDµψ
)
−
(
im5ψγ5ψ + a
µψγµψ + b
µψγ5γµψ +
1
2
hµνψσµνψ
)}
.
(3.10)
It is clear then that the kinematical content of the model does not change once the physical
limit of the sources are taken. This is a peculiarity of the Abelian model, where the symmetries
avoid many terms that are present at non-Abelian model [53]. In fact, at the non-Abelian model
with Lorentz violation the kinematics of the model is drastically changed when this approach is
employed. See [53] for more details.
4 Algebraic proof of the renormalizability
Let us now face the issue of the renormalizability of the model. For that, we need one last set
of external BRST invariant sources, namely, Y and Y , in order to control the non-linear BRST
transformations of the original fields,
Sext =
∫
d4x
(
Y sψ − sψY ) = ∫ d4x (ieY cψ − ieψcY ) . (4.1)
Thus, the complete action is given by
Σ = S + Sext . (4.2)
Indeed, it is easy to note that extra combinations among sources are possible, including the
electron mass. However, these combinations do not interfere with the renormalization of the
sources and they will be renormalizable as well. Moreover, extra dimensionless parameters will
be needed in order to absorb vacuum divergences, see for instance [53]. To avoid a cumbersome
analysis, we omit these pure vacuum terms here. Nevertheless, for completeness, this issue is
discussed in the Appendix A.
6The external sources Y and Y will be defined in Section 4 in order to control the nonlinear BRST transfor-
mations of the spinor fields.
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Explicitly, the action (4.2) has the form
Σ =
∫
d4x
{
−1
4
FµνFµν + ψ(iγ
µDµ −m)ψ
}
+
∫
d4x
(
b∂µA
µ + c∂2c
)
+
+
∫
d4x
(
JµναA
µ∂νAα + λµνα∂
µc∂νAα − 1
4
κ¯αβµνF
αβFµν
)
+
+
∫
d4x
{
i
(
CνµψγνDµψ +D
νµψγ5γνDµψ + E
µψDµψ + iF
µψγ5Dµψ+
+
1
2
GαβµψσαβDµψ
)
−
(
iM5ψγ5ψ + A¯
µψγµψ +B
µψγ5γµψ +
1
2
Hµνψσµνψ
)}
+
+
∫
d4x
(
ieY cψ − ieψcY ) . (4.3)
As one can easily check that, at the physical values of the sources, this action is also contracted
down to (3.10).
4.1 Ward identities
The action (4.2) enjoys the following set of Ward identities
• Slavnov-Taylor identity
S(Σ) =
∫
d4x
(
−∂µc δΣ
δAµ
+
δΣ
δY
δΣ
δψ
− δΣ
δY
δΣ
δψ
+ b
δΣ
δc
+ Jµνα
δΣ
δλµνα
)
= 0 . (4.4)
• Gauge fixing and anti-ghost equations
δΣ
δb
= ∂µA
µ ,
δΣ
δc
= ∂2c . (4.5)
• Ghost equation
δΣ
δc
= ∂µ (λµνα∂
νAα)− ∂2c+ ieY ψ + ieψY . (4.6)
At (4.5) and (4.6), the breaking terms are linear in the fields. Thus, they will remain at classical
level [32], a property that is guaranteed by the quantum action principle [42].
4.2 Most general counterterm
In order to obtain the most general counterterm which can be freely added to the classical action
Σ at any order in perturbation theory, we need a general local integrated polynomial Σc with
dimension bounded by four and vanishing ghost number. Thus, imposing the Ward identities
(4.4)-(4.6) to the perturbed action Σ + εΣc, where ε is a small parameter, it is easy to find that
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the counterterm must obey the following constraints
SΣΣc = 0 ,
δΣc
δb
= 0 ,
δΣc
δc
= 0 ,
δΣc
δc
= 0 , (4.7)
where the operator SΣ is the nilpotent linearized Slavnov-Taylor operator,
SΣ =
∫
d4x
(
−∂µc δ
δAµ
+
δΣ
δY
δ
δψ
+
δΣ
δψ
δ
δY
− δΣ
δY
δ
δψ
− δΣ
δψ
δ
δY
+ b
δ
δc
+ Jµνα
δ
δλµνα
)
. (4.8)
The first constraint of (4.7) identifies the invariant counterterm as the solution of the co-
homology problem for the operator SΣ in the space of the integrated local field polynomials of
dimension four. From the general results of cohomology, it follows that Σc can be written as
[32]
Σc = −1
4
∫
d4x a0F
µνFµν − 1
4
∫
d4x
(
a1κ¯αµβν + a2T
θω
αµβν Cθω
)
FαµF βν +
+
∫
d4x
{
a3iψγ
µDµψ − a4mψψ + i
[
(a5C
νµ + a6C
µν + a7ηαβκ¯
αµβν)ψγνDµψ+
+ (a8D
νµ + a9D
µν)ψγ5γνDµψ + a10E
µψDµψ + a11iF
µψγ5Dµψ+
+
1
2
(
a12G
αβγ + a13S
αβγ
λρσG
λρσ
)
ψσαβDγψ
]
− (a14iM5ψγ5ψ+
+ (a15A¯
µ + a16mE
µ)ψγµψ + (a17B
µ + a18mGαβγ
αβγµ)ψγ5γµψ+
+
1
2
(a19H
µν + a20mDαβ
αβµν)ψσµνψ
)}
+ SΣ∆(−1) , (4.9)
where ∆(−1) is the most general local polynomial counterterm with dimension bounded by four
and ghost number −1, given by7
∆(−1) =
∫
d4x
(
a21Y ψ + a22ψY + a23c∂µA
µ + a24cb+ a25λµναA
µ∂νAα+
+ a26λαβγ
αβγµψγ5γµψ + a27c¯∂µA¯
µ + a28mc¯∂µE
µ + a29λµναJ
µναc¯c+
+ a30λµναJ
µναAβA
β + a31λµαβJ
ναβAµAν+
+ a32κ¯αβµνλ
αβρJµνρAσA
σ + a33T
θω
αβµν Cθωλ
αβρJµνρAσA
σ+
+ a34κ¯αβµνλ
βρσJνρσA
αAµ + a35T
θω
αβµν Cθωλ
βρσJνρσA
αAµ+
+ a36κ¯αρσδλ
νρδJµασAµAν + a37T
θω
αρσδ Cθωλ
νρδJµασAµAν
)
, (4.10)
with ai being free coefficients, and
T θωαµβν ≡ ηαν(δθµδωβ + δθβδωµ )− ηαβ(δθµδων + δθνδωµ )− ηµν(δθαδωβ + δθβδωα) + ηµβ(δθαδων + δθνδωα) ,
Sαβγλρσ ≡ δγλδβρ δασ − δγλδαρ δβσ + δβληρσηαγ − δαληρσηβγ . (4.11)
7Clearly, in contrast to the background fields, the external sources are not “frozen” with respect to CPT
symmetries. Hence, they enjoy discrete mappings. Thus ∆(−1) can be made CPT-invariant, avoiding a lot of
counterterms and renormalization parameters. Furthermore, all of them, if included, are also avoided by the Ward
identities of the model.
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The contraction T θωαµβν Cθω has the same symmetries as the source κ¯αµβν . Moreover, S
αβγ
λρσG
λρσ
has the same discrete symmetries asGαβγ . Indeed, this contraction extends the anti-symmetrization
to all indexes of Gλρσ. From the second equation in (4.7), it follows that a23 = a24 = a27 =
a28 = a29 = 0. Moreover, from the ghost equation, a25 = a30 = a31 = a32 = a33 = a34 = a35 =
a36 = a37 = 0. Then, after the following redefinitions,
a3 − a21 + a22 7→ a3 , a12 − a21 + a22 7→ a12 ,
a4 − a21 + a22 7→ a4 , a14 − a21 + a22 7→ a14 ,
a5 − a21 + a22 7→ a5 , a15 − a21 + a22 7→ a15 ,
a8 − a21 + a22 7→ a8 , a17 − a21 + a22 7→ a17 ,
a10 − a21 + a22 7→ a10 , a19 − a21 + a22 7→ a19 ,
a11 − a21 + a22 7→ a11 , (4.12)
it is not difficult to verify that the form of the most general counterterm allowed by the Ward
identities is given by
Σc = −1
4
∫
d4x a0F
µνFµν − 1
4
∫
d4x
(
a1κ¯αµβν + a2T
θω
αµβν Cθω
)
FαµF βν +
+
∫
d4x
{
a3iψγ
µDµψ − a4mψψ + i
[
(a5C
νµ + a6C
µν + a7ηαβκ¯
αµβν)ψγνDµψ+
+ (a8D
νµ + a9D
µν)ψγ5γνDµψ + a10E
µψDµψ + a11iF
µψγ5Dµψ+
+
1
2
(
a12G
αβγ + a13S
αβγ
λρσG
λρσ
)
ψσαβDγψ
]
− (a14iM5ψγ5ψ+
+ (a15A¯
µ + a16mE
µ)ψγµψ + (a17B
µ + a18mGαβγ
αβγµ − a26Jαβγαβγµ)ψγ5γµψ+
+
1
2
(a19H
µν + a20mDαβ
αβµν)ψσµνψ
)}
. (4.13)
4.3 Stability
It remains to infer if the counterterm Σc can be reabsorbed by the original action Σ by means
of the multiplicative redefinition of the fields, sources and parameters of the theory, according
to
Σ(Φ, J, ξ) + εΣc(Φ, J, ξ) = Σ(Φ0, J0, ξ0) +O(ε2) , (4.14)
where the bare quantities are defined as
Φ0 = Z
1/2
Φ Φ , Φ ∈
{
A,ψ, ψ, b, c, c
}
,
J0 = ZJJ , J ∈
{
J, λ, C,D,E, F,G,M5, A¯, B,H
}
,
ξ0 = Zξξ , ξ ∈ {e,m} . (4.15)
It is straightforward to check that this can be performed, proving the theory to be renormalizable
to all orders in perturbation theory. Explicitly, the renormalization factors are listed below.
For the independent renormalization factors of the photon, electron and electron mass, we
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have
Z
1/2
A = 1 +
1
2
εa0 ,
Z
1/2
ψ = 1 +
1
2
εa3 ,
Zm = 1 + ε(a4 − a3) . (4.16)
The renormalization factors of the ghosts, charge, Lautrup-Nakanishi field and Y sources are
not independent, namely
Z1/2c = Z
1/2
c = 1 ,
Z
1/2
b = Ze = Z
−1/2
A ,
ZY = ZY = Z
1/2
A Z
−1/2
ψ . (4.17)
Thus, the renormalization properties of the standard QED sector remain unchanged.
For the καµβν sector, due to the quantum numbers of κ¯ and C, there is a mixing between their
respective operators, i.e., FαµF βν and iψγνDµψ. Thus, matricial renormalization is required,
namely
J0 = ZJJ , (4.18)
where J is a column matrix of sources that share the same quantum numbers. The quantity
ZJ is a squared matrix with the associated renormalization factors. In this case,
J1 =
(
κ¯αµβν
Cνµ
)
and Z1 =
(
Zκ¯κ¯ Zκ¯C
ZCκ¯ ZCC
)
= 1 + εA , (4.19)
where A is a matrix depending on ai. Thus(
κ¯0αµβν
C0νµ
)
=
(
(Zκ¯κ¯)
θρωδ
αµβν (Zκ¯C)
θω
αµβν
(ZCκ¯)
θρωδ
νµ (ZCC)
θω
νµ
)(
κ¯θρωδ
Cθω
)
,
=
(
(1 + ε(a1 − a0))δθαδρµδωβ δδν εa2T θωαµβν
εa7η
ρδδθνδ
ω
µ δ
θ
νδ
ω
µ + ε((a5 − a3)δθνδωµ + a6δθµδων )
)(
κ¯θρωδ
Cθω
)
.
(4.20)
As it is easy to infer from table 3, some external sources do not have exactly the same quantum
numbers, specifically with respect to their mass dimensions. Then, in principle, they do not
suffer quantum mixing. However, the model has a mass parameter, the electron mass m. Thus,
the mass parameter will enable extra mixing among sources [57]. Firstly,(
A¯µ0
Eµ0
)
=
(
ZA¯A¯ ZA¯E
ZEA¯ ZEE
)(
A¯µ
Eµ
)
,
=
(
1 + ε(a15 − a3) εa16m
0 1 + ε(a10 − a3)
)(
A¯µ
Eµ
)
. (4.21)
Still(
Hνµ0
Dνµ0
)
=
(
(ZHH)
νµαβ (ZHD)
νµαβ
(ZDH)
νµαβ (ZDD)
νµαβ
)(
Hαβ
Dαβ
)
,
=
(
(1 + ε(a19 − a3))ηναηµβ εa20mνµαβ
0 ηναηµβ + ε((a8 − a3)ηναηµβ + a9ηνβηµα)
)(
Hαβ
Dαβ
)
.
(4.22)
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The last renormalization factor is a mix among three sources, namely Bµ0Jαβγ0
Gαβγ0
 =
 (ZBB)
µ
ω (ZBJ)
µ
λρσ (ZBG)
µ
λρσ
(ZJB)
αβγ
ω (ZJJ)
αβγ
λρσ (ZJG)
αβγ
λρσ
(ZGB)
αβγ
ω (ZGJ)
αβγ
λρσ (ZGG)
αβγ
λρσ

 BωJλρσ
Gλρσ
 ,
= Z4
 BµJαβγ
Gαβγ
 , (4.23)
where
Z4 =
(1 + ε(a17 − a3))δ
µ
ω −εa26 µλρσ εa18m µλρσ
0 (1− εa0)δαλδβρ δγσ 0
0 0 δαλδ
β
ρ δ
γ
σ + ε((a12 − a3)δαλδβρ δγσ + a13Sαβγλρσ)
 .
(4.24)
The renormalization for the external sources that do not suffer quantum mixing is the following
ZF = 1 + ε(a11 − a3) ,
ZM5 = 1 + ε(a14 − a3) . (4.25)
The bosonic sector associated with the vµ vector, renormalizes through ZJJ . It was already
determined in (4.24). Therefore, it has the following renormalization constraint
ZJJ = Z
2
λ = Z
−1
A . (4.26)
This ends the multiplicative renormalizability proof of the Lorentz-violating QED. We can
see that, besides the three usual renormalizations of standard QED (related to a0, a3 and a4),
we also have nineteen extra parameters, associated to the breaking sector. Moreover, there
are extra renormalizations associated with vacuum divergences (see Appendix A). Thus, we
achieve a total of twenty two independent renormalization parameters at dynamical sector of
QED extension. We stress out that, as a consequence of the ghost Ward identity (4.6) (a feature
of the Landau gauge), the term µναβv
µAν∂αAβ does not renormalize.
5 One-loop computations
As shown in the previous section, this model is renormalizable at least to all orders in pertur-
bation theory. Even though the model presented here originates from underlying fundamental
theories, the fact that the theory can be renormalized allows explicit consistent computations.
In this section, we will study the QED extension diagrams, i.e., analyze the renormalizability
in the diagrammatic scenario. In the context of Feynman diagrams, a quantum field theory is
renormalizable whether divergences that arise in a one-particle irreducible (1PI) graph might
be absorbed by redefinitions of the fields, parameters and coupling constants. Thus, we need to
identify the superficial divergence degree presented in the QED extension. From Feynman rules
of this model (see appendix C) [31], the degree of divergence is given by
D = 4−B − 3
2
F − VB − VF , (5.1)
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where B is the number of bosonic external legs, F the number of fermionic external legs, VB is
the massive insertion at the bosonic propagator and VF is the massive insertion at the fermionic
propagator. The usual QED presents a finite number of divergent diagrams, see Fig. 1. However,
through Ward identities, it is possible to show that the d) graph does not present any divergence
- This can be directly seen from the counterterm (4.13). And, by Furry’s theorem [58], the e)
graph has a total vanishing amplitude.
a) b)
c) d) e)
Figure 1: One-loop graphs for usual QED.
With respect to the Lorentz-violating diagrams, they can be obtained by single introduction
of the Lorentz violation coefficients (on the potentially divergent graphs presented) as insertions
in the usual QED [31]. Such topologically inequivalent diagrams are shown in Figs. 2, 3 and
4. With respect to the insertions in the three-photon vertex, they are outside of the scope of
this work8. In order to compute the graphs that present divergences in high momenta, we need
a) b) c)
d) f)e)
Figure 2: One-loop vacuum polarization in the QED extension.
to employ a method to regularize this graphs. Here, we adopt dimensional regularization [56,
60, 61], by performing Feynman integrals computations in arbitrary dimensions d = 4− , with
poles at  = 0. Even though the model breaks Lorentz invariance, dimensional regularization
is quite useful because it does not refer to Poincare´ invariance. Furthermore, as we already
mentioned before, the free propagators are Lorentz invariants, while the breaking coefficients
are just insertions.
The radiative corrections to the graphs shown in Fig. 1 for vacuum polarization, electron
8The reader can see for instance [59], where the authors claim the absence of gauge anomalies at one-loop
order, and point out the possibility of the renormalizability of the Lorentz-violating QED to all orders.
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a) b) c)
d) e) f)
Figure 3: One-loop self-energy of the electron in the QED extension.
a) b) c)
d) e) f)
g) h) i)
Figure 4: Fermion-photon vertices in the QED extension.
self-energy and fermion-photon vertex, at one-loop, are respectively given by
Πµνa (p) =
4
3
I0
(
pµpν − p2ηµν) ,
Σb(p) = I0 (−γµpµ + 4m) ,
Λµc = I0γ
µ , (5.2)
where I0 =
e2
8pi2
. For the graphs of the vacuum polarization shown in the Fig. 2, one finds
Πµνa (p) =
4
3
I0
(
cαµpαp
ν − p2cνµ − 6migανµpα
)
,
Πµνb (p) =
4
3
I0
(
cανpαp
µ − p2cµν − 6migµανpα
)
,
Πµνc (p) =
2
3
I0
[
cµαpαp
ν + cναpαp
µ − 2cαβpαpβηµν +m (pµeν + pνeµ − 2eαpαηµν) +
+ 6mi (gανµ + gµαν) pα] ,
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Πµνd (p) =
2
3
I0
[
cµαpαp
ν + cναpαp
µ − 2cαβpαpβηµν −m (pµeν + pνeµ − 2eαpαηµν) +
+ 6mi (gανµ + gµαν) pα] ,
Πµνe (p) =
4
3
I0 (p
µaν + pνaµ − 2aαpαηµν + 6mihµν) ,
Πµνf (p) = −
4
3
I0 (p
µaν + pνaµ − 2aαpαηµν + 6mihµν) . (5.3)
Although each graph of the vacuum polarization receives contributions from anti-symmetric
pieces of the Lorentz-violating coefficients of the fermion sector, and also, massive contributions
from the fermion mass, the overall contribution, as shown in [31], is symmetric and independent
of the fermion mass.
The corrections related to the self-energy of the electron in the QED extension (Fig. 3) are
given by
Σa(p) = I0
[(
Γµ − 1
2
Γνγνγ
µ
)
pµ +mΓ
νγν
]
,
Σb(p) = I0
[
(cµν + dµνγ5) γνpµ − gµαβσαβpµ + gβαβσαµpµ +
1
2
Γνγνγ
µpµ+
− m
(
cνµγνγµ − dνµγ5γνγµ − eµγµ + ifµγµ − 1
2
gαβµγµσαβ
)]
,
Σc(p) = I0
[
1
3
(cµν + dµνγ5) γνpµ − 2
3
(cνµ + dνµγ5) γνpµ − 2 (eµ + ifµγ5) pµ+
+ m
(
eµγµ − 1
4
gαβµγµσαβ − 1
4
gαβµσαβγµ
)]
,
Σd(p) = I0 [4im5γ5 + (a
µ + bµγ5) γµ] ,
Σe(p) = 3I0γ5γµv
µ ,
Σf (p) = −4
3
I0γ
νpµκ
µα
να . (5.4)
The overall contribution is consistent with that shown in [31], except for the additional piece
shown at the correction to the d) graph. This additional piece comes from the first massive
Lorentz and CPT violation insertion at (2.5), namely, the Lorentz-violating coefficient coupled
to the pseudo-scalar current, m5. This term was not present in the computation presented at
[31]. Indeed, this term was added to Lorentz-violating action at [33].
Finally, the one-loop corrections for the electron-photon vertex in the QED extension (Fig. 4)
are
Λµa = −I0
[
2
3
(cνµ + dνµγ5) γν − 1
2
(cνα + dναγ5) γνγαγ
µ − 1
3
(cµν + dµνγ5) γν + e
µ+
+ ifµγ5 +
1
2
gαβµσαβ − 1
4
gαβσ (σαβγσγ
µ + γσγ
µσαβ)
]
,
Λµb = −I0
[
2
3
(cµν + dµνγ5) γν +
1
2
(cνα + dναγ5) γνγαγ
µ − 1
3
(cνµ + dνµγ5) γν + e
µ+
+ ifµγ5 − 1
2
gαβµσαβ +
1
4
gαβσ (σαβγσγ
µ + γσγ
µσαβ)
]
,
Λµc = I0 [(c
νµ + dνµγ5) γν + 4 (e
µ + ifµγ5)] ,
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Λµd = −I0
(
Γµ − 1
2
Γνγνγ
µ
)
,
Λµe = −I0
[
(cµν + dµνγ5) γν +
1
2
(cνα + dναγ5) γνγαγ
µ +
1
2
(eν + ifνγ5) γνγ
µ+
+
1
4
gαβσγσγ
µσαβ
]
,
Λµi =
4
3
I0γ
νκµανα ,
Λµf = Λ
µ
g = Λ
µ
h = 0 . (5.5)
Again, the overall contribution for the electron-photon vertex in the QED extension is consistent
with that shown in [31].
In order to compare the explicit one-loop results with the algebraic results in the previous
section, we can now compute the explicit renormalizations factors at one-loop order. For the
renormalization factors for the photon, electron and electron mass, it is found
Z
1/2
A = 1−
e2
12pi2
,
Z
1/2
ψ = 1−
e2
16pi2
,
Zm = 1− 3e
2
8pi2
. (5.6)
The renormalization for electric charge is given by
Ze = 1 +
e2
12pi2
= Z
−1/2
A . (5.7)
For the local sources, taking their physical values, it is also needed to employ matrix renor-
malization. Firstly, for the renormalization matrix of the tensors καµβν and cνµ, like in (4.20),
we obtain(
κ0αµβν
c0νµ
)
=
(
(Zκκ)
θρωδ
αµβν (Zκc)
θω
αµβν
(Zcκ)
θρωδ
νµ (Zcc)
θω
νµ
)(
κθρωδ
cθω
)
,
=
(
(1 + e
2
6pi2
)δθαδ
ρ
µδωβ δ
δ
ν
e2
12pi2
T θωαµβν
− e2
6pi2
ηρδδθνδ
ω
µ δ
θ
νδ
ω
µ +
e2
6pi2
(δθνδ
ω
µ + δ
θ
µδ
ω
ν )
)(
κθρωδ
cθω
)
, (5.8)
Just like shown in (4.21), for aµ and eµ tensors, it is obtained(
aµ0
eµ0
)
=
(
Zaa Zae
Zea Zee
)(
aµ
eµ
)
,
=
(
1 − 3e2
8pi2
m
0 1
)(
aµ
eµ
)
, (5.9)
For hνµ and dνµ tensors, just like in (4.22), we have(
hνµ0
dνµ0
)
=
(
(Zhh)
νµαβ (Zhd)
νµαβ
(Zdh)
νµαβ (Zdd)
νµαβ
)(
hαβ
dαβ
)
,
=
(
(1 + e
2
8pi2
)ηναηµβ −m e2
4pi2
νµαβ
0 ηναηµβ + e
2
6pi2
(ηναηµβ + ηνβηµα)
)(
hαβ
dαβ
)
. (5.10)
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For bµ, vµ and gαβγ tensors, in accordance with (4.23), we have the following renormalization
matrix bµ0vµ0
gαβγ0
 =
 (Zbb)
µ
ω (Zbv)
µ
ω (Zbg)
µ
λρσ
(Zvb)
µ
ω (Zvv)
µ
ω (Zvg)
µ
λρσ
(Zgb)
αβγ
ω (Zgv)
αβγ
ω (Zgg)
αβγ
λρσ

 bωvω
gλρσ
 ,
=
δ
µ
ω − 3e28pi2δµω m e
2
16pi2
 µλρσ
0 (1 + e
2
6pi2
)δµω 0
0 0 δαλδ
β
ρ δ
γ
σ +
e2
8pi2
(2δαλδ
β
ρ δ
γ
σ + S
αβγ
λρσ)

 bωvω
gλρσ
 . (5.11)
Remarkably, the renormalization factor of the background vµ is in accordance with (4.26). For
the tensors that do not suffer quantum mixing, fµ and m5, we have the following renormalization
factors
Zf = 1 ,
Zm5 = 1−
3e2
8pi2
. (5.12)
A few comments are in order: In the previous section was shown the all orders renormaliz-
ability of Lorentz- and CPT-violating QED. From (4.17), the equivalence between the photon
and electric charge renormalizations, i.e., Ze = Z
−1/2
A , is ensured. This is confirmed from ex-
plicit computation at one-loop order, see (5.7). Another interesting point is the transversality
of the photon propagator. In fact, one-loop computations displayed at (5.3) show this property.
From the first Ward identity at (4.5), this feature is ensured to all orders in perturbation theory.
However, we were not able to fix, from the algebraic approach, a relation between the renormal-
ization factors of the sources (background fields) and the renormalization factors of the photon
and electron fields. In fact, from explicit computation, it is possible to see that, for instance,
no renormalization is need for fµ, at least at one-loop order. This is intimately related to the
renormalization of the electron field. Moreover, the two approaches – algebraic and analytical
– show to us that quantum mixing between the background fields is unavoidable. Since the
algebraic approach has not given us all restrictions on renormalization parameters of the sources
which appears at the analytical relations, it still remain to establish if this is just a one-loop
effect that disappears at higher order or there are extra symmetries not considered in our set of
Ward identities.
Furthermore, we can take the action (4.13) at the physical limit of the sources (3.6) and
explore some special cases. For instance, considering only the terms of the action (4.13) which
remain invariant under PT symmetry, i.e., discarding the terms depending on hµν , dµν , bµ, gαβµ
and vµ, we get
ΣcPT−inv = −
1
4
∫
d4x a0F
µνFµν − 1
4
∫
d4x
(
a1καµβν + a2T
θω
αµβν cθω
)
FαµF βν +
+
∫
d4x
{
a3iψγ
µDµψ − a4mψψ + i
[
(a5c
νµ + a6c
µν + a7ηαβκ
αµβν)ψγνDµψ+
+ a10e
µψDµψ + a11if
µψγ5Dµψ
]− [a14im5ψγ5ψ + (a15aµ + a16meµ)ψγµψ]} .
(5.13)
It is not difficult to see that this action remains stable, with thirteen renormalization parameters.
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On the other hand, if we choose C-invariance for the counterterm, we get
ΣcC−inv = −
1
4
∫
d4x a0F
µνFµν − 1
4
∫
d4x
(
a1καµβν + a2T
θω
αµβν cθω
)
FαµF βν +
+
∫
d4x
{
a3iψγ
µDµψ − a4mψψ + i
[
(a5c
νµ + a6c
µν + a7ηαβκ
αµβν)ψγνDµψ+
+
1
2
(
a12g
αβγ + a13S
αβγ
λρσg
λρσ
)
ψσαβDγψ
]
− [a14im5ψγ5ψ+
+ (a17b
µ + a18mgαβγ
αβγµ − 6a26vµ)ψγ5γµψ
]}
. (5.14)
Which is also stable under matrix renormalization with fourteen independent parameters.
6 Conclusion
In this work we have shown the multiplicative renormalizability of the general Lorentz- and CPT-
violating quantum electrodynamics, at least to all orders in perturbation theory. We employed
the algebraic renormalization technique in the BRST formalism in combination with a set of
external sources which controls the breaking terms. In fact, a detailed study of the solutions
of the Slavnov-Taylor operator in the space of local integrated polynomial in the fields of ghost
number one and dimension bounded by four has been performed, and the Lorentz-violating QED
is expected to be free of gauge anomalies to all orders in perturbation theory [62]. With this
approach we have found the following results:
• The renormalizability features of the standard QED sector is left unchanged, see (4.16)
and (4.17).
• We have found a total amount of twenty two parameters for the action which respects
Lorentz, CPT and BRST symmetries. When we set the physical values of the sources
(3.6) and, for instance, choose PT-invariance, we found thirteen parameters, instead of
the nine parameters found in [33]. The discrepancy between these results is due to the
matrix renormalization employed. We stress out that matrix renormalization is not a
choice, but a need due to the mixing among sources. These results are consistent with the
one-loop computations developed in Section 5. In fact, the one-loop computations here
developed generalize those presented in [31] by including all terms considered in [33] and
a few more.
• The Carroll-Field-Jackiw term µναβvµAν∂αAβ does not renormalize. Moreover, this is
confirmed by one-loop explicit computations. In fact, this is direct a consequence of the
ghost Ward identity (4.6).
• In contrast to the non-Abelian case [53], Proca-like terms are not generated by the Lorentz-
violating coefficients. This is also a consequence of the ghost equation which, at the Abelian
case, is not an integrated identity, making it stronger than its non-Abelian version.
• Although the Lorentz-violating coefficients are phenomenologically tiny, we found from
our approach that the vacuum of the model is modified. In fact, vacuum terms are not
avoided by the Ward identities. Anyhow, since these terms are pure source terms, the dy-
namical content of the model is maintained. Thus, attributes as causality and unitarity are
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also preserved [27]. Nevertheless, it is worth mentioning a few words about the vacuum
terms. Typically, vacuum terms are associated to condensates, from spontaneous sym-
metry breaking mechanisms [63, 64], dynamical condensation effects [51, 65, 66, 67, 68],
and so on. In here, a slightly different effect takes place, which is similar to the Gribov-
Zwanziger vacuum terms [47, 48, 69], i.e., these terms come from the pure source terms
allowed by power counting and survive after the physical limit. We can interpret these
terms as follows: Because the theory is embeded in a larger theory, the contraction to the
physical theory leaves a “memory” of the larger action. It can however be understood
as a condensation of the classical set of fields when the physical limit is taken, i.e., the
physical limit is a non-trivial freezing of these auxiliary fields. We can also remark that
the Gribov-Zwanziger action can be interpreted as a spontaneous symmetry broken action
[70], perhaps a similar interpretation is possible for the present approach.
• Finally, we have found that there is no radiative generation of the Chern-Simons-like term
µναβb
µAν∂αAβ [3, 54, 55]. We have shown that this property is a direct consequence
of the BRST classes of the sources employed in our approach: In order to control the
Lorentz and CPT breaking, the background field bµ was promoted to the external source
Bµ. Since this source is coupled to a BRST invariant composite operator, it is BRST
closed. On the other hand, the background field vµ was promoted to the external source
Jµνα. This source, however, is coupled to a BRST non-invariant operator. Hence, it must
be BRST exact, with λµνα being its BRST counterpart in a BRST doublet. As BRST
exact sources/operators can not receive contribution from BRST closed sources/operators
[71, 72, 73], the Jµνα source will never receive contribution from the Bµ source – on the
other hand, the other way is possible. See, for instance, the C-invariant counterterm (5.14),
where the term µναβb
µAν∂αAβ does not appear. Moreover, since the algebraic technique
is a recursive and regularization scheme independent method, this property is ensured to
all orders in perturbation theory. This result was also found at [34]. However, here we
found a cohomological interpretation.
A Vacuum terms
We will discuss now the vacuum action, i.e., the action that taken account only terms depending
on the sources. Since this action does not interfere with the renormalization of the sources, or
with the dynamical content of the model, this discussion does not mess with the results obtained
so far. However, we will not describe here all vacuum terms. We will present here only the most
difficult vacuum terms which demand a careful analysis:
ΣV =
∫
d4x
{
α1A¯µA¯
µA¯νA¯
ν + α2mA¯µA¯
µA¯νE
ν + α3m
2A¯µA¯
µEµE
µ + α4m
2A¯µA¯νE
µEν+
+ α5m
3A¯µE
µEνE
ν + α6m
4EµE
µEνE
ν
}
+ s
∫
d4x
{
ζλµναJ
µβγJνβκJ
κα
γ +
+ ϑ1κ¯µναβλ
µρωJνρσJ
α
ωδJ
βσδ + ϑ2T
θγ
µναβ Cθγλ
µρωJνρσJ
α
ωδJ
βσδ+
+ ϑ3T
τζ
µναβ η
γξκ¯τγζξλ
µρωJνρσJ
α
ωδJ
βσδ
}
,
=
∫
d4x
{
α1A¯µA¯
µA¯νA¯
ν + α2mA¯µA¯
µA¯νE
ν + α3m
2A¯µA¯
µEµE
µ + α4m
2A¯µA¯νE
µEν+
+ α5m
3A¯µE
µEνE
ν + α6m
4EµE
µEνE
ν
}
+
∫
d4x
{
ζJµναJ
µβγJνβκJ
κα
γ +
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+ ϑ1κ¯µναβJ
µρωJνρσJ
α
ωδJ
βσδ + ϑ2T
θγ
µναβ CθγJ
µρωJνρσJ
α
ωδJ
βσδ+
+ ϑ3T
τζ
µναβ η
γξκ¯τγζξJ
µρωJνρσJ
α
ωδJ
βσδ
}
. (A.1)
The terms that depend on the electron mass are introduced in order to guarantee the quantum
stability of the vacuum action. This can be easily understood by fact that the sources A¯µ and
Eµ suffer mix under quantum corrections. The same can be said about the sources κ¯µναβ and
Cνµ.
At the physical limit of the sources (3.6), the action (A.1) reduces to
ΣV phys =
∫
d4x
{
α1aµa
µaνa
ν + α2maµa
µaνe
ν + α3m
2aµa
µeµe
µ + α4m
2aµaνe
µeν+
+ α5m
3aµe
µeνe
ν + α6m
4eµe
µeνe
ν + 6ζv4 + (8ϑ3 − 2ϑ1)καµσµvαvσv2+
+ 8ϑ2c
ασvαvσv
2
}
, (A.2)
which shows the nontrivial vacuum of the model. Now we can proceed as in Sec. 4.2 and seek
for the most general counterterm compatible with Ward identities shown at (4.7):
ΣcV =
∫
d4x
{
b1α1A¯µA¯
µA¯νA¯
ν + b2α2mA¯µA¯
µA¯νE
ν + b3α3m
2A¯µA¯
µEµE
µ+
+ b4α4m
2A¯µA¯νE
µEν + b5α5m
3A¯µE
µEνE
ν + b6α6m
4EµE
µEνE
ν
}
+ SΣ∆˜(−1) .(A.3)
where
∆˜(−1) =
∫
d4x
{
b7ζλµναJ
µβγJνβκJ
κα
γ + b8ϑ1κ¯µναβλ
µρωJνρσJ
α
ωδJ
βσδ+
+ b9ϑ2T
θγ
µναβ Cθγλ
µρωJνρσJ
α
ωδJ
βσδ + b10ϑ3T
τζ
µναβ η
γξκ¯τγζξλ
µρωJνρσJ
α
ωδJ
βσδ
}
.
(A.4)
It is then straightforward to show that the most general counterterm is
ΣcV =
∫
d4x
{
b1α1A¯µA¯
µA¯νA¯
ν + b2α2mA¯µA¯
µA¯νE
ν + b3α3m
2A¯µA¯
µEµE
µ+
+ b4α4m
2A¯µA¯νE
µEν + b5α5m
3A¯µE
µEνE
ν + b6α6m
4EµE
µEνE
ν+
+ b7ζJµναJ
µβγJνβκJ
κα
γ + b8 ϑ1κ¯µναβJ
µρωJνρσJ
α
ωδJ
βσδ+
+ b9ϑ2T
θγ
µναβ CθγJ
µρωJνρσJ
α
ωδJ
βσδ + b10ϑ3T
τζ
µναβ η
γξκ¯τγζξJ
µρωJνρσJ
α
ωδJ
βσδ
}
.
(A.5)
To finish the renormalizability of the vacuum term it is needed to check the stability of the
vacuum action. Thus, we have to show that
ΣV (J, ξ) + εΣ
c
V (J, ξ) = Σ
0
V (J0, ξ0) +O(ε2) , (A.6)
where the bare parameters are defined as
ξ0 = Zξξ , ξ ∈ {ζ, αi, ϑj} . (A.7)
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It is not difficult to achieve the following consistent expressions:
Zα1 = 1 + ε (b1 − 4a15 + 4a3) ,
Zα2 = 1 + ε
(
b2 − a4 − 3a15 − a10 + 5a3 − 4a16α1
α2
)
,
Zα3 = 1 + ε
(
b3 − 2a4 − 2a15 − 2a10 + 6a3 − a16α2
α3
)
,
Zα4 = 1 + ε
(
b4 − 2a4 − 2a15 − 2a10 + 6a3 − 2a16α2
α4
)
,
Zα5 = 1 + ε
(
b5 − 3a4 − a15 − 3a10 + 7a3 − 2a16
(
α3 + α4
α5
))
,
Zα6 = 1 + ε
(
b6 − 4a4 + 4a3 − a16α5
α6
)
,
Zζ = 1 + ε (b7 + 4a0) ,
Zϑ1 = 1 + ε (b8 − a1 + 5a0) ,
Zϑ2 = 1 + ε
(
b9 − a5 − a6 + a3 + 4a0 − a2
(
ϑ1 − 4ϑ3
ϑ2
))
,
Zϑ3 = 1 + ε
(
b10 − a1 + 5a0 − a10α2
α3
)
. (A.8)
The proof that all other possible pure source term is also renormalizable follows the same
prescription.
B Discrete mappings of the sources
sources C P T CP CT PT CPT
C00, κ¯0i0j , Cij , κ¯ijkl + + + + + + +
M5, C0i, Ci0, κ¯0ijk + − − − − + +
Bi, Gi0j , Gij0, J0ij , λ0ij + + − + − − −
B0, Gi00, Gijk, Jijk, λijk + − + − + − −
A¯0, E0, Fi − + + − − + −
A¯i, Ei, F0 − − − + + + −
Hij , D0i, Di0 − + − − + − +
H0i, D00, Dij − − + + − − +
Table 4: Discrete mappings of the sources.
The coupling between the local sources and the Dirac bilinears depend on behavior of sources
and Dirac bilinears under discrete mappings. Besides of the quantum numbers shown in the
Table 3, the discrete mappings displayed in Table 4 will also select the allowed couplings.
C Feynman rules
In this appendix, we provide the Feynman rules used in Sect. 5. Instead of dealing with the
direct rules that could be extracted from the action (2.1), we opt to treat the breaking terms as
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insertions. Thus, the set of propagators are the usual QED propagators: For the electron
=
i(γµpµ+m)
p2−m2
For the photon:
µ ν = − iηµνp2
where pµ is the particle momentum.
The fermion-photon vertex is given by
= −ieγµ
The Feynman rules for the Lorentz-violating QED terms are obtained by insertions of
Lorentz-violating coefficients in fermion and photon propagators, namely
× = −iM
= iΓµpµ
×µ ν = −2ipαpβκαµβν
µ ν = 2vααµβνp
β
There is also an insertion at the fermion-photon vertex given by
= −ieΓµ
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